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EXPANSTON OF POLYNOMIALS IN BESSEL OPERATORS

S. I. Osipov

. k
Let D = d/dt be a differential operator, B, = ((1/%) (tD) =

Bessel operator (see [1]), k=2, 3, ..., and let P (}) = N

n-1
+ alk + 00+ oay be a polynomial with arbitrary constant coeffi-

cients.
In this paper we will expand the operator Pn(Bk) in powers of

D¥ and we apply this expansion to investigation of ordinary linear

differential equations.
Let Gn be a set of functions of t that have n-th order deriva-

tives, n= 1, 2, ..., and assume that

nk
& (n, k, D) = }: Q (n, k, v, t) D’ + a s
v=1
min(v, n)
Q (n, k, v, t) = }E C (k, v, p) an—p tV‘P’
p=E((vrk-1)/k)

*The problem of expanding operators coinciding with Bessel operators

or operagtors with similar structure has been discussed in a number
of papers by other authors. See, for example, 1) Issledovaniya po
integro-differentsial'nym uravneniyam v Kirgizii (Investigations of
integro-differential equations in Kirgiz), Vol. II, Frunze, 1962,
pp. 300, 310-311; 2) Materialy sed'moy nauchnoy konferentsii kafedry
vysshey matematiki Frunzenskogo politekhmicheskogo instituta (Pro-
ceedings of the Seventh Scientific Conference of the Departments of
Higher Mathematics of Frunze Polytechnic Institute, 1963, pp. 87-90;
3) J. Math. Anal. and Appl., Vol. 6, No. 3, 1963, pp. 395-397; 4)

J. Riordan. Introduction to Combinatorial Analysis [Russian trans-
lation], For. Lit. Publ. House, Moscow, p. 57, problem 18.




p(k-1)
1 ms (k, p,m)

[(v - p)! ] m=max(v-p,p) (m+ p ~ v)!

3

C (k: v, P) =

(1)

m r-p | L K2 >
SO pow - (0P y P B
Sl -2 (- o)
/
E (BJt—E—:—}) - integral part of BQt—E—:—}, ay = L. .

We have the following

Theorem. On the set G the operators Pn(Bk) and & (n, k, D)

are equivalent, i.e., for any function g(t) € G K
———— n

P_(B,) &(t) = &(n, k, D) &(t). (2)

Proof. It is not difficult to use induction to prove that the
following equation is true for the set ka:

Pk

B£ = z Ak, v, p) t°F D, (3)
V=D

where A(k, v, p) are coefficients that are independent of t.
In order to determine these coefficients, we introduce the

following polynomial of degree p(k - 1):

P k(t) = e Bie t. (L)

Let



(- l)?m! &

Lm(t) =
=0 (r!)2 (m - r)!

be an m-th order laguerre polynomial (see [2], p. 110).
It is clear that

((8) at =0

B4

(o]

-t
Ie Lm(t) WP
0

when m >p (k - 1).
It is not difficult to obtain

@

‘[ et L (6) W (6) at = (- 1)FE _[ et BII:Lm(t) at
0

0

by integrating by parts and, consequently,

@ . 0, if m < p,

e "L (t) W _(t) dat =
(J: i Pk {(- 1P s (x, p, m), if p < m.

By virtue of (5) and (6),
p(k-1)
1Y
W8 = ) (-1 (k, p, m) T (6),
m=p
i.e.,
P(k-1) m

(t) = Z z (- l)r-*‘P S (k, p, m) m!

=y =0 (DF (m - 1)

+5.

(5)

(6)

(7)



The function

0, if m < p,

5 (m, ») = { (8)

1, if m = p,

can be used to represent Eq. (7) in the form

p(k-1) m ™D
(' 1) 5 (m: P) S (k) PJ‘m) m! Tr
SET R R AT LT
m=0 1=0 (I‘!) (m - r)!

and a change in the order of summation yields

p(k-1) p(k-1) (- VP 5 (m, p) s (k, p, m) m!

wp,k(t) = z z > — tT.

r=0  mr (r1)” (m -~ r)!

The substitution r = v - p leads to the equation

vk p(k-1) v
-1)" % (m, p) S (x, p, m) m! _
W, (1) = Z z D se z) ( p, m) m £ P (9)
’ V=D  I=v-p [(v-p)!] (m+ p - !

It follows from (3), (L), and (9) that

p(k-1)
Ak, v, p) = Z

wvp [ -2t @+ p - W

& (m, p) 8 (k, p, m) m!

J

A(k: vV, P) = C(k) Vv, P)' (]—O)



In order to complete the proof of the theorem, note that by
virtue of (3) and (10), we have

n 7pk

vV=p_Vv

Pn(Bk) -a = z z c(k, v, p) an_Pt D .
P=1 v=p

The function (8) can be used to represent this last expression in the
form

nk nk
v-pP_V
(B -y = 9 ) B (n, D)5 (s, v) C (K v, 2) Ay & D
p=1 v=p
and, changing the order of summation, we obtain
nk v
V=P vV
P(B) -a = ) 9 5(s, ) 8 (pk, v) C (kv P e t D-
v=1 p=1

It only remains to note that

\Y

). B (n, 0) B (pk, ) C (K, v, B) &t
p=1

v=p
= Q (n: k, v, t):

which completes the proof.
We shall consider the special case k = 2 in more detail. Here
we are dealing with the operator (d/dt) t (&/dt), and the operator
& (n, 2, D) can be used to expand a polynomial in this operator.
Noting that

p! S (2, p, P)

5 s S(Q,P:P)'—‘P!;
[(v -p)t] (2p - V)!

c (2, v, p) =



we find that z1§2

' 2
C (2: vV, P) = (p.) s (1]-)

[(v-2)!T (2p - v

and. on
& (n, 2, D) = E: Q(n, 2, v, t) D+ a
vw=1
so that min(v,n) 2
(p?) o V=D
Q (n: 2, v, t) = E: t .

p=E((w+1)/2) [(v - )11 (2p - v)!

This result also follows from the theorem discussed in [3]¥
when we apply it to the operator (d/dt) t (da/at).

Consider the coefficients C (k, v, p), defined by formulas
(1'). When k = 2 these coefficients, as (1ll) shows, have a simple
structure, and it is not difficult to evaluate them. In the general
case (k = 3, 4, ...) formulas (1') are rather complex. As a result,
it may prove useful to use the following algorithm for evaluation of
the coefficients C (k, v, p):

C (k) b, P) = (Pz)k-l: ¢ (k, P+ 1, Dp) = [(P + l)z]k-l -C (k; b, P))

and., more generally, for v=p+ 1, p+ 2, ..., DK,

*Tt should be borne in mind that the notation used in this paper is
different from that used in [3]. The author of [3] used B, to de-

- L+
note the operator t o Dt + D.




(vl)k_l

C(k) vV, P)= k—l—l'C(k, v-1, P) —E%C(k, v=-2, P) - e
(v -] : (12)
e = =t (%, D, D)
(v - p)!

for k=2, 3, ... andp=1, 2, ....
We shall now prove (12). By (10) and (3), the coefficients
c(k, v, p) are numbers such that for any function g(t) € G "
b

Pk
v=p_Vv
BP g(t) = ) c(k, v, B) £ D a(t). (13)
v=Dp
k-1
We take the function Ié o ) o (lcbﬁf ) from [1] as g(t). Since
E i R |

it satisfies the differential equation

1 d.k
T (b)) v=vs
we have
k k
p _(k-1) T - (k-1) 5
B 0,0,...,0 (kyt) = 10,0,...,0 (k  t), (1)

so that the left side of this equation can be treated as the result
. k-1
of p-fold application of the operator (d/dt)(t(d/dt)) to the func-

k-1 k,— .
tion Ié ) . (k¥ ). TNoting that

sUyeee,



@

(k-1) T
Iol,io,l...,o (k% B z - k

r=0 (r!)

we can derive the following expression from (13) and (1k4):

pk ® r ® r
- %
IR EAE A - ) = (15)
(r)* (r)"
V=D r=0 r=0
But [léé
pk © r © pk r
- % - £
ZC(k,v,p)t\’PD"z k:Z{z c(k,v,p)t“PD“} - -
1
V=D r=0 (1) r=0 v=p (rt)
» min(r, pk) s

_ (x, v, p) - _
IZ; { vg; e v E (r - v)!} (r!)k-l

©  min(r+p, pk)

= 2 { z C(k, v, p) - } £

(r +p - ij [(r + p)!]k-l,

and comparison of the coefficients of the first p(k-1) + 1 powers of
t in the right and left sides of (15) gives us

S (e + )]
Zc(k: (2 P) L =‘ r+p}; (I‘=O, 1, 2,..., Pk'P)'
p=p (r+p - p)! (x?)

Substitution of r + p by v p yields




V) k-1
z 1 (v!)
C(k, 1, p) = (v=p, P+ 1,..., Pk),

- (v -t v - o

and, consequently, formulas (12) are proved.

The operational calculus of Bessel operators can be used (under
certain conditions) to integrate differential equations whose left
side is of the form Pn(Bk)x(t). But, both in the theory of ordinary
differential equations and in practice, the left sides of differential

equations are usually given in the form of a linear differential ex-
pression, i.e., in the form

& gt a

a5 (t) o x(t) + ql(t) 1 x(t) 40 qm_l(t) = x(t) + q () x(t),
(16)
where q_o(t),...,qm(t) are coefficients and m is the order of the dif-
ferential equation.

In comnection with this, it is interesting to investigate the
problem of which linear differential equations (16) are representable
in terms of Pn(Bk)x(t) and to give a method for reducing (16) to the
form Pn(Bk)x(t) when this is possible.

It is a direct consequence of the expansion theorem for Pn(Bk)
that representability of (16) in the form Pn(Bk)x(t) requires that
qo(t), ql(t),...,gm_l(t) be polynomials and that gm(t) be constant.

Let qo(t),...,gm_l(t) be polynomials in t and let qm(t) be a

constant, m = 2 (the cases m = 0 and m = 1 are trivial). Using the
expansion of P (Bk) and considering that the number of pairs of in-
n

tegers (n, k) satisfying the conditions k =m, k=2, n21for any

fixed number m i1s finite, we can always establish whether or not (16)
is representable in the form P (Bk)x(t).
n



10

In order to do this we first find all of the admissible pairs

of values of n and k for a given m.
pair with the largest value of k (denote it by k

l)

Among these pairs we select a
and denote the

corresponding value of n by nl) and we calculate E((v + kl - l)/kl)

and min (v, nl) for v=1, 2,..., m.

Iet o

contained in g
m

H,v

and O

(t).

H,v

=V

VvV

v - min (v, nl),

If ¢ (t) =0, we put
me-v

be the smallest and largest of the exponents

1" 1

o ov-x( IRy,
B,v kl

We then construct Table 1 until a negative number appears in
column IV or VII.
not representable in the form P (Bk )x(t), and we then turn to test-

1 "1

ing the next admissible pair of values of n and k.

If such a number appears, we conclude that (16) is

TABLE 1
I IT IT1 v v Vi VII
v min(v,nl) S mln(v,nl) + E((\H—kl-l)/kl QB,v v-GB,v-
. T oy 7Y “B((vrky-1)/%,)
m
If all of the numbers in columns IV and VII are nonnegative, /154

we write the polynomials g
m_

AY

(t) in the form



min(v,n,)

)

p=E( (\H—kl—l)/ kl)

B (\’: P) t\)

TABLE 2

-p

1

B(1,1)/c(k,, 1,1)

1
m B(m, nl)/C(kl, m, nl)
TABLE 3
I IT IIT Iv v VI VII
mi 1 i - - -
v min(v,1) OH,\) m1n(v,l)+crH’\) v | E((w+5)/6) UB,\) v O‘B,\) E((w5)/6)
0 0 1 0 0
0] -1
TABLE L4
I IT IIT Iv v VI VII
i ; - -0 ~B((w2
v min(v,2) % v mln(v,2)+crH,v v| BE((v+2)/3) O'B’\) v GB,\) ((w2)/3)
1 1 0 0 1 0 0]
2 2 0 0] 1 0] L
3 2 1 0 1 1 1
L 2 2 0 2 2 0
5 2 ) 0 2 3 0
6 2 L 0 _ 2 b 0

11



TABLE 5

[eNeoNe]

OV =W D
HiH R

In this case, B(v, p) is uniquely determined by the polynomial
g (t). We use formulas (12) to evaluate the coefficients C(kl, v, D)
m-y

for p=1, 2,...,nl and v = p, p+ l,...,pkl. We place the fractions

B(v, p)/C(kl, v, p) at the intersection of the v-th row and the p-th

column in Table 2.
When different fractions appear in any column we conclude that

(16) is not representable in the form Pn (Bk )x(t) and turn to testing
1 "1
the next admissible pair of values for n and k.
If, however, all of the fractions in each column are equal, we
conclude that (16) is representable in the form P (Bk )x(t) and that
1 "

the coefficient anl_p, p=1,2,...,n), of the polynomial Pnl(Bkl) is

the number of the p-th column.
Consider, for example, the linear differential expression

6 5 L 3 2
y & 3 4 2 4 a 4
t x(t) + 12t7 — x(t)+ 38t" = x(t)+ 32t — x(t)+ ¥ — x(t).
at? at’ att atd at2
(17)
The admissible pairs of values of n and k are
nl2?3
k63 2.

12



We first test n; = 1, k) = 6. We construct the first table for this

case -- Table 3. At v = 2 we obtain a negative number in column IV:
-1. As a result, (17) cannot be represented in the form Pl(Bé)x(t).

We now turn to testing the pair n, = 2, k.2 = 3.

The first table for this case -- Table L -- yields no negative
entries and we continue the investigation. We have

1
as(t) = 0= ) B(1, B) v 5,  B(1,1) = 0;
p=1
2 -
qt) =k=) B2, p) v , B(2,1) =0, B(22) -k
p=1
2
a (t) = 32t = ) B3, ) £, 83,1 =0, B(5,2) = 32;
p=1
& L
a(t) = 38t°=) Bk, p) £ ©,  B(h2) = 38;
=2
2
q,(t) = 127 = ) 85, p) ¥ %, B(5,2) = 123
p=2
& 6-p
a,(t) =t = ) B, p) v, B(6,2) = 1.
p=2

Computation of the coefficients C(3, v, p) for p=1, 2, and v = P,...

... ;3D yields

[155

15



1k

1, c¢(3, 2, 2) =4,

1, C(B: 2; l) = 5) C(B: 3) l)
32) 0(3; )4') 2) = 381 0(3: 5: 2)

c(3, 1, 1)

c(3, 3, 2)

1
=
-

12, ¢(3, 6, 2) =

and we obtain Table 5, which shows that (17) is representable in the

form (B5)2 x(t).

Received: 29 June 1963

BIBLIOGRAPHY

1. Ditkin, V. A. & Prudnikov, A. P. Operatsionnoye ischisleniye
operatorov Besselya (Operational Calculus of Bessel
Operators), Zhurnal vychislitel'noy matematiki i matema-
ticheskoy fiziki (Journal of Computer Mathermatics and
Mathematical Physics), Vol. 2, No. 6, 997-1018, 1962.

2. Seg¥, G. Ortogonal'nyye mnogochleny (Orthogonal Polynomials),
Fizmatgiz, Moscow, 1962.

3. Osipov, S. I. 0 razlozhenii mnogochlena ot operatora Ba (On

Expanding Polynomials in Ba Operators), Zh. vychisl.

matem. fiz., Vol. 3, No. 1, 191-19k, 1963.

FARADAY TRANSLATIONS
15 PARK ROW
NEW YORK, N. Y. 10038

NASA-Langley, 1965

F-255



"The aeronautical and space activities of the United States shall be
conducted 5o as to contribute . . . to the expansion of buman knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of information concerning its activities and the results thereof.”

—NATIONAL AERONAUTICS AND SPACE ACT OF 1958

NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS

TECHNICAL REPORTS: Scientific and technical information considered
important, complete, and a lasting contribution to existing knowledge.

TECHNICAL NOTES: Information less broad in scope but nevertheless
of importance as a contribution to existing knowledge.

TECHNICAL MEMORANDUMS: Information receiving limited distri-
bution because of preliminary data, security classification, or other reasons.

CONTRACTOR REPORTS: Technical information generated in con-
nection with a NASA contract or grant and released under NASA auspices.

TECHNICAL TRANSLATIONS: Information published in a foreign
language considered to merit NASA distribution in English.

TECHNICAL REPRINTS: Information derived from NASA activities
and initially published in the form of journal articles.

SPECIAL PUBLICATIONS: Information derived from or of value to
NASA activities but not necessarily reporting the results -of individual
NASA-programmed scientific efforts. Publications include conference
proceedings, monographs, data compilations, handbooks, sourcebooks,
and special bibliographies.

Details on the availability of these publications may be obtained from:

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Washington, D.C. 20546




